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Consider an extension field Fqm=Fq(a) of the finite field Fq. Davenport proved
that the set Fq+a contains at least one primitive element of Fqm if q is sufficiently
large with respect to m. This result is extended to certain subsets of Fq+a of cardi-
nality at least of the order of magnitude O(q1/2+e). The proof is based on a new
bound for incomplete character sums. Moreover, a new bound for the longest
sequence of consecutive powers in Fqm is deduced. © 2001 Elsevier Science
1. INTRODUCTION
Let q=pn be a prime power and Fq be the finite field of q elements. For
a positive integer m let Fqm be the extension field of Fq of degree m. Let q
be a nontrivial multiplicative character of Fqm of order s, {b1, ..., bn} be a
basis of Fq over Fp, and {b1, ..., bmn} be a completion of {b1, ..., bn} to a
basis of Fqm over Fp. If
k=k1+k2 p+· · ·+kmn pmn−1 with 0 [ ki < p for i=1, ..., mn
is the p-adic expansion of 0 [ k < qm, then let
tk=k1b1+k2b2+·· ·+kmnbmn.
For an integer K with 1 [K < qm and a ¥ Fqm put
SK(a)=C
K−1
k=0
q(a+tk).
In Section 3 we derive a new bound for the absolute value of SK(a) which
is nontrivial for all K with 4mq1/2 [K < q and any defining element a of
Fqm over Fq; i.e., Fqm=Fq(a). We apply this bound to estimate the number
of primitive elements in the set {a+tk | k=0, ..., K−1} where K < q in
Section 4. In particular we show tat this set contains at least one primitive
element of Fqm if K is at least on the order of magnitude O(q1/2+e). (The
implied constant depends on m.) Then we apply the character sum bound
of Section 3 to estimate the maximum number L=Lqm of elements of the
form
a, a+t1, a+t2, ..., a+tL−1, a ¥ Fqm,
satisfying
q(a)=q(a+t1)=q(a+t2)=· · ·=q(a+tL−1) (1)
in Section 5. The result is
Lqm < 5mq1/2 if m [ q1/2/5
and q restricted on Fq is nontrivial. Moreover, we consider the following
more general problem for m=1. For 2 [K [ (q−1)/s let a1, ..., aK be
distinct elements of Fq. Estimate the number of solutions of
q(t+a1)=q(t+a2)=· · ·=q(t+aK), t ¥ Fq . (2)
In the special case ak+1=tk for k=0, ..., K−1 and K > Lq this equation
system is unsolvable. We show that (2) has at most (q−1)/s−K+1 solu-
tions. This result can be sharpened for some specializations.
2. AUXILIARY RESULTS
For integers k and j with 0 [ k, j < q we define k À j by
k À j=i. tk+tj=ti; 0 [ i < q. (3)
Lemma 2.1. For given integers L and j with 0 [ L, j < q, the number of
integers k with 0 [ k [ L for which k À j > L is at most j. Furthermore, the
number of integers k with 0 [ k [ L which are not of the form i À j for some
0 [ i [ L is at most j.
Proof. [22, Lemma 5]. L
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Lemma 2.2. Let q be a nontrivial multiplicative character of Fqm of order
s and a, b ¥ Fqm be nonconjugated defining elements of Fqm over Fq. Then
: C
t ¥ Fq
q((t+a)(t+b) s−1): [ (2m−1) q1/2.
Proof. This is a specialization of [27, Corollary 2.4]. L
Lemma 2.3 (The Vinogradov Formula). Let S be a subset of Fq and
denote by P(S) the number of primitive elements of Fq contained in S. Then
we have
P(S)=
j(q−1)
q−1
C
s | q−1
1m(s)
j(s)
C
qs
C
t ¥ S
qs(t)2 ,
where m and j denote the Möbius and Euler j functions, respectively, and,
where the second summation runs over all multiplicative characters qs of
order s in Fq.
Proof. [11, Lemma 7.5.3], [15, Exercise 5.14], or [14, pp. 178–180].
L
3. ON INCOMPLETE CHARACTER SUMS
Theorem 3.1. Let q be a nontrivial multiplicative character of Fqm, a be
a defining element of Fqm over Fq, and 1 [K < q. Then we have
|SK(a)| < 2.2(Km)1/2 q1/4.
Proof. We use the method introduced in the series of papers [9,
18–21]. For K < 4.8q1/2 the assertion is trivial and we may assume that
K \ 4.8q1/2. (4)
By Lemma 2.1 we have for any integer j \ 0,
:SK(a)− CK−1
k=0
q(a+tk À j): [ 2j.
Then for an integer 1 [ J [ q we have
J|SK(a)| [W+J(J−1), (5)
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where
W=: CK−1
k=0
C
J−1
k=0
q(a+tk À j): [ CK−1
k=0
: CJ−1
k=0
q(a+tk À j): .
Using the Cauchy–Schwarz inequality and (3) we obtain
W2 [K C
K−1
k=0
: CJ−1
k=0
q(a+tk À j):2 [K C
t ¥ Fq
: CJ−1
k=0
q(t+a+tj):2
=K C
K−1
j1, j2=0
C
t ¥ Fq
q((t+a+tj1 )(t+a+tj2 )
s−1),
where s denotes the order of q. There are at most m possible indices j2 such
that a+tj1 and a+tj2 are conjugated for given j1. For these indices the
inner sum is trivially estimated by q. If a+tj1 and a+tj2 are not
conjugated, then we may apply Lemma 2.2. Hence,
W2 < KJmq+KJ2(2m−1) q1/2.
Choosing
J=Kq1/2L
we get
W2
J2
< K(3m−1) q1/2
and the assertion by (5) and (4). L
Remark. The squaring-trick used in the proof of Theorem 3.1 goes
back to Weyl, Vinogradov, and Korobov. In its pure form it was also used
in [25].
Corollary 3.1. Let q be a nontrivial multiplicative character of Fqm of
order s with s h (qm−1)/(q−1) and 1 [K < q. Then we have
|SK(a)| < 2.2(Km)1/2 q1/4 for any a ¥ Fqm.
Proof. Since s h (qm−1)/(q−1) the restriction of q on any subfield Fqd
of Fqm is nontrivial. Any a ¥ Fqm is a defining element of a certain subfield
Fqd of Fqm and Theorem 3.1 yields
|SK(a)| < 2.2(Kd)1/2 q1/4 [ 2.2(Km)1/2 q1/4. L
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Remark. The following bounds for |SK(a)| and any a ¥ Fqm are known.
|SK(a)| [ qm/2 11− pqm+m log q2 [28, Theorem 4] (6)
and
|SK(a)| < (2K)1/2 qm/4+qm/2 [30, Theorem 5]. (7)
Equation (6) is only nontrivial if K is at least of the order of magnitude
O(qm/2 log q) and (7) is only nontrivial if K is at least of the order of mag-
nitude O(qm/2). In the case m=n=1 Burgess [1] proved bounds for
|SK(a)| which are nontrivial if K is at least of the order of magnitude
O(p1/4+e) for any e > 0. If a is a defining element of Fqm over Fq, then we
have
|SK(a)| [ (m−1) q1/2 [13, Theorem 1],
which yields
|Sq(a)| [ (m−1) q1/2 for any a ¥ Fqm if ? qm−1q−1 .
For the cubes
B(k)={k1b1+·· ·+kmnbmn | 0 [ Ai < ki [ Ai+k, 1 [ i [ mn} (8)
in [6] the following result was obtained.
-e > 0 ,d > 0, p0 -p > p0, k > pmn/2(mn+1)+d : : C
t ¥ B(k)
q(t): < (p−dk)nm.
This result was improved to
-e > 0 ,d > 0, p0 -p > p0, k > p1/4+d : : C
t ¥ B(k)
q(t): < (p−dk)nm
in the special case nm=2 by [3] and in the general case by [12]. The latter
result depends on the coefficients of the irreducible polynomial over Fp that
generates Fpnm.
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4. ON THE DISTRIBUTION OF PRIMITIVE ELEMENTS
Theorem 4.1. Let a be a defining element of Fqm over Fq. For 1 [K < q
the set {a, a+t1, ..., a+tK−1} contains at least
j(qm−1)
qm−1
(K+O(K1/2q1/4+e))
primitive elements of Fqm for any e > 0, where the implied constant depends
on m.
Proof. By Lemma 2.3 we have
P=P({a, a+t1, i, a+tK−1})
=
j(qm−1)
qm−1
1K+ C
s | qm−1
s > 1
1m(s)
j(s)
C
qs
C
K−1
k=0
qs(a+tk 22
and thus by Theorem 3.1
: P−j(qm−1)
qm−1
K : [ j(qm−1)
qm−1
C
s | qm−1
s > 1
1
j(s)
: C
qs
C
K−1
k=0
qs(a+tk):
[
j(qm−1)
qm−1
C
s | qm−1
s > 1
2.2(mK)1/2 q1/4
[
j(qm−1)
qm−1
2.2(y(qm−1)−1)(Km)1/2 q1/4,
where y(qm−1) denotes the number of divisors of qm−1. The assertion
follows since y(u)=o(ueŒ) for any eŒ > 0 (see, e.g., [10, Chapter 4, Proposi-
tion 1]). L
Remark. Any algorithm for finding primitive elements consists of two
parts: finding a small subset of Fqm containing at least one primitive
element and testing primitiveness of all elements of this subset. Let e > 0
and B(k) be defined by (8). Then there exists an d > 0 such that for any
k > p1/4+e the set B(k) contains
j(qm−1)
qm−1
knm(1+O(q−md))
primitive elements by [12, Theorem 2], where the implied constant depends
on the coefficients of the irreducible polynomial f over Fp that generates
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Fpnm. The set B(k) contains at least one primitive element if k is at least
of the order of magnitude O(p1/4+e) and thus |B(k)| is at least of the order
of magnitude O(qm/4+eŒ), where the implied constants depend on f.
Shparlinski [24] constructed a set containing a primitive element of cardi-
nality O(qm/4+e), where the implied constant does not depend on f.
Theorem 4.1 shows the existence of a set containing a primitive element
with cardinality on the order of magnitude O(q1/2+eŒ) for any eŒ > 0, i.e.
with less elements than any suitable B(k) if m \ 3 and q is sufficiently large.
For n=1 this result can already be found in [23].
Corollary 4.1. Let a be a defining element of Fqm over Fq. For
5(y(qm−1)−1)2 mq1/2 < K < q the set {a, a+t1, ..., a+tK−1} contains at
least one primitive element of Fqm.
Remark. For K=q Davenport [5] proved that for any defining
element a of Fqm over Fq the set Fq+a contains at least one primitive
element of Fqm if q is sufficiently large with respect to m and that there are
infinitely many finite fields Fqm such that Fq+a does not contain a primi-
tive element of Fqm for some element a with Fqm=Fq(a). These results were
specified by [4] and [27]. If m < q1/2+1 then the multiplicative group Fgqm
of Fqm is generated by Fq+a for every defining element a of Fqm over Fq (see
[4]). If qm−1 has a divisor s > 1 such that m \ 2(q logq s+logq(q+1)),
then Fgqm is not generated by Fq+a for some a with Fqm=Fq(a) [27,
Theorem 3.1].
5. ON THE DISTRIBUTION OF POWERS
Corollary 5.1. Let q be a nontrivial multiplicative character of Fqm of
order s with s h (qm−1)/(q−1). If m [ q1/2/5, then we have
Lqm < 5mq1/2.
Proof. Let a, a+t1, ..., a+tL−1 be a sequence satisfying (1) with
Fq(a)=Fqd for some d | m. By Theorem 3.1 we have
L=: CL−1
k=0
q(a+tk): < 2.2(Ld)1/2 q1/4 [ 2.2(Lm)1/2 q1/q,
and thus L < 5mq1/2 [ q. L
Remark. It was shown by the author [28, Theorem 5] that
Lqm < `3 qm/2
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and for m=n=1 by [2] that
Lp=O(p1/4 log p).
Now we consider the case m=1 and the more general problem of
estimating the number of solutions of (2).
Theorem 5.1. Let q be a character of Fq of order s > 1, 2 [K [
(q−1)/s and a1, ..., aK be distinct elements of Fq. For the number N of
solutions of (2) we have
N [
q−1
s
−K+1.
Proof. Put l=(q−1)/s. It is well known (see, e.g., [29]) that
q(t)=q(g) if and only if t l=g l, t, g ¥ Fq.
Hence, q(t+a1)=· · ·=q(t+aK) if and only if (t+a1) l=·· ·=(t+aK) l.
We define recursively the polynomials fk, j(x) by fk, 0(x)=(x+ak) l for
k=1, ..., K and for j=1, ..., K−1
fk, j(x)=(ak−aj)−1 (fk, j−1(x)−fj, j−1(x)) for k=j+1, ..., K.
Then we have
fk, j(x)=C
l− j
h=0
R l
l−h
S ck, h, jxh
for j=0, ..., K−1 and k=j+1, ..., K,
where
ck, h, j= C
m1+· · ·+mj+1=l−h−j
am11 · · ·a
mj
j a
mj+1
k ,
since ck, h, 0=a
l−h
k and ck, h, j=(ak−aj)
−1 (ck, h, j−1− cj, h, j−1) for j=1, ...,
K−1. In particular, we have
fK, K−1(x)= C
l+1−K
h=0
R l
l−h
S cK, h, K−1xh
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which is a polynomial of degree [ l−u, where u is the smallest integer
\K−1 with
R l
u
S – 0 mod p.
If t satisfies (2) then t is a root of fK, K−1. Hence, there are at most
l−u [ l−K+1 distinct t satisfying (2). L
Remark. For K=2 equality holds by [28, Theorem 1].
For some specializations the theorem can be improved with the following
lemma.
Lemma 5.1. Let l=l1+l2 p+· · ·+ln pn−1 and K−1=K1+K2 p+· · ·+
Kn pn−1, 0 [ li, Ki < p, i=1, ..., n. Let u be the smallest integer \K−1 with
R l
u
S – 0 mod p.
Then we have
u=K−1 if Ki [ li for all 1 [ i [ n
and
u=1# K−1
p r2 −1
$+12 p r2 −1
if there exist r1 and r2 with 1 [ r1 < r2 [ n such that Kr1 > lr1 , Ki=li for
r1 < i < r2, and Ki < li for r2 [ i [ n.
Proof. For 0 [ h [ l we have by Lucas’ lemma (see [7, p. 271]; [8],
[16], [17], or [26]),
R l
h
S — R l1
h1
S · · ·R ln
hn
S mod p,
where h=h1+h2 p+· · ·+hn pn−1 with 0 [ hi < p for i=1, ..., n. Hence,
(lh) — 0 mod p if and only if there exists an i with 1 [ i [ n and hi > li. If
Ki [ li for 1 [ i [ n, then we have ( lK−1) –mod p and thus u=K−1.
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If there exist r1 and r2 with 1 [ r1 < r2 [ n such that Kr1 lr1 , Ki=li for
r1 < i < r2, and Ki < li for r2 [ i [ n then we have
u=(Kr2+1) p
r2 −1+Kr2+1 p
r2+·· ·+Kn pn−1
=1# K−1
p r2 −1
$+12 p r2 −1. L
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